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ABSTRACT Biospecific cell adhesion is mediated by receptor-ligand bonds. Early theoretical work presented a deterministic
analysis of receptor-mediated cell attachment and detachment for a homogenous cell population. However, initial comparison
of a deterministic framework to experimental detachment profiles of model "cells" (antibody-coated latex beads) did not show
qualitative or quantitative agreement (Cozens-Roberts, C., D. A. Lauffenburger, and J. A. Quinn. 1990. Biophys. J. 58:857-872).
Hence, we determine the contributions of population heterogeneity and probabilistic binding to the detachment behavior of this
experimental system which was designed to minimize experimental and theoretical complications. This work also corrects an
error in the numerical solution of the probabilistic model of receptor-mediated cell attachment and detachment developed
previously (Cozens-Roberts, C., D. A. Lauffenburger, and J. A. Quinn. 1990. Biophys. J. 58:841-856).
Measurement of the population distribution of the number of receptors per bead has enabled us to explicitly consider the effect
of receptor number heterogeneity within the cell-surface contact area. A deterministic framework that incorporates receptor
number heterogeneity qualitatively and quantitatively accounts in large part for the model cell detachment data. Using measured
and estimated parameter values for the model cell system, we estimate that about 90% of the observed kinetic detachment
behavior originates from heterogeneity effects, while about 10% is due to probabilistic binding effects. In general, these relative
contributions may differ for other systems.
INTRODUCTION
For proper function, cells of higher organisms must be able
to dynamically attach to and detach from other cells, extra-
cellular matrix components, and synthetic materials. Cells
use receptor-ligand interactions to facilitate attachment and
detachment. Cell adhesion occurs in a wide range of phys-
iological phenomena including the inflammatory response
and cancer metastasis (3). A basic understanding of cell ad-
hesion has also encouraged the development of several
biotechnological applications. For example, cell affinity
chromatography exploits the biochemical specificity of
receptor-ligand bonds to isolate one specific cell type from
a heterogeneous pool of cells (4-5).
Deterministic kinetic models were first developed to pre-
dict the conditions under which adhesion between a cell and
a surface would take place (6-8). These models were ex-
tended to describe a homogeneous population of cells in-
teracting uniformly with a homogeneous surface. The de-
terministic balance equation predicts ideal, "all-or-none"
behavior: either "all" the cells are attached via receptors to
the ligand-coated surface or "none" of the cells are attached.
Cozens-Roberts et al. (1) applied this deterministic frame-
work to analyze experimental adhesion data for antibody-
coated latex beads on an antigen-coated glass surface. This
deterministic model was unable to account for transient de-
tachment observations during which a fraction of the bead
population progressively detached rather than all of the beads
detaching at once or none of the beads detaching.
Deviations from ideal, all-or-none behavior may be at-
tributed to one or several causes. First, receptor and ligand
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heterogeneities may influence the system. In a physiological
setting, cells may vary in size and may differ in the number
and type ofreceptors exhibited on their surfaces (9-11). Also,
the concentration and type of ligands associated with the
extracellular matrix and other cells may vary depending on
tissue type and other factors (12-13). As a result of these
heterogeneities, cell-surface interactions among cells may
not be the same; these differences may affect the detachment
behavior of a population of cells. Second, since the number
of reacting molecules between a cell and its adjacent surface
is small, probabilistic reaction rates exist and may influence
the macroscopic dynamics of the system (14).
In this paper, we provide a summary of possible hetero-
geneities and indicate which contributions are likely to be
significant in the experimental system of Cozens-Roberts et
al. (1). In light of fluorescence flow cytometry measurements
of the distribution of the number of receptors linked to latex
beads, we explicitly consider nonideal behavior due to re-
ceptor number heterogeneity. The quantitative predictions of
the deterministic model incorporating receptor number het-
erogeneity are consistent with the experimental observations
of Cozens-Roberts et al. (1). This work is the first quanti-
tative attempt to incorporate the inherent heterogeneities of
an experimental biological system into an adhesion model.
The deviation from nonideal behavior resulting from the
probabilistic nature of kinetic association and dissociation
steps between receptors and ligands was developed by
Cozens-Roberts et al. (2) to study cell attachment and de-
tachment kinetics. Their calculations suggested that proba-
bilistic binding effects could be the primary explanation for
experimentally observed trends (1). However, a lack of ex-
perimental data on nonidealities stemming from heteroge-
neities prevented a firm conclusion from being drawn. More-
over, further consideration of their calculations revealed a
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numerical error which alters the qualitative and quantitative
predictions of their model. Correct numerical solutions to the
probabilistic model, when solved with expected parameter
values, do not capture the experimentally observed dynamics
of cell detachment.
In summary, receptor number heterogeneity and probabi-
listic binding both contribute to the nonideal behavior of the
experimental detachment data of Cozens-Roberts et al. (1).
We look at receptor number heterogeneity in the context of
a simple deterministic kinetic model and probabilistic bind-
ing effects in a probabilistic model. We estimate the contri-
butions from receptor number heterogeneity and from in-
herent probabilistic binding effects to the observed kinetic
detachment behavior. Finally, we show predictions for a
"combined" model that incorporates both factors known to
exist. These models contain a minimum set of parameters,
most of which are specified by measurement or reasonable
estimation. Only the effective binding rate constants elude
fairly narrow specification; these values cannot presently be
measured for surface-immobilized receptor-ligand pairs.
NOMENCLATURE
a radius of contact area between bead and surface
A(O) drift term of Fokker-Planck equation
B(O) diffusion term of Fokker-Planck equation
C number of receptor-ligand bonds
CV coefficient of variation
CVhet CV induced by receptor number heterogeneity
CVp,,b CV induced by probabilistic binding effects
FT applied fluid shear force
FTC value of FT at which half of the beads detach
kb Boltzman constant
fko intrinsic forward rate constant
rko intrinsic reverse rate constant
kr reverse rate constant under flow conditions
NL surface concentration of ligand
P probability density function
Pb integrated area under the P versus Td curve
Pb(F) plateau value of Pb
r bead radius
RT number of receptors within the cell-surface contact area
RTC number of receptors per bead
S applied fluid shear stress
SI value of S at which half of the beads detach
ta attachment time
td detachment time
T temperature
( dimensionless applied shear force
PC value of (3 at which Pb(F) = 0.5
6 I/RT
'y receptor-ligand interaction distance
K receptor-ligand dimensionless dissociation constant
O fraction of bound receptors
(0) mean fraction of bound receptors
variance around (0)
Ta dimensionless attachment time
Td dimensionless detachment time
'r fraction of adherent beads
REVIEW OF PREVIOUS EXPERIMENTAL WORK
Cozens-Roberts et al. (1, 15) designed an experimental sys-
tem to isolate the role of receptor-ligand interactions in the
adhesion of a cell to a ligand-coated surface. Several reasons
motivated those investigators to select receptor-coated latex
beads rather than cells. First, they could select only one type
of receptor to coat the bead surface and could modulate its
surface concentration. Second, cytoskeletal linkages that ex-
ist during cell adhesion are eliminated. Third, unlike cells,
latex beads do not deform in the presence of fluid shear
stress. By selecting latex beads as model cells, a more ho-
mogeneous population of "cells" was expected. Other similar
design strategies motivated the construction of their exper-
imental system.
Complete descriptions ofthe Radial-Flow Detachment As-
say (RFDA), plate and bead coating procedures, and proto-
cols for attachment and detachment experiments have been
presented previously (1). The beads and chamber surface
were covalently coated with rabbit anti-goat IgG and goat
IgG, respectively. We followed the conclusion of Cozens-
Roberts et al. (15) that each rabbit anti-goat IgG receptor had
only one binding site because of the covalent immobilization
procedure. Detachment runs involved a 30-min incubation of
the beads with the surface followed by a 65-min period dur-
ing which the beads were subject to fluid shear stress. The
fraction of adherent beads (;) was reported as a function of
time for a range of applied fluid shear stress. Fig. 1 shows
a typical detachment profile. Two major observations should
be noted. First, there is a continuous loss of beads from the
surface which slows down asymptotically over time. Second,
the fraction of beads remaining attached to the surface at 60
min decreases with increasing applied fluid shear stress. A
"plateau" region in the plot of the fraction of adherent beads
versus detachment time is defined when less than 2% de-
tachment is seen in the final 15 min of the detachment trial.
This criterion for a plateau value was defined in the Radial-
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FIGURE 1 Experimental detachment results (1). The fraction of adherent
beads (D) is plotted versus time for a range of applied fluid shear stress (9-15
dynes/cm2). Each bead is coated with a receptor concentration of 4.3 x 105
rabbit anti-goat IgG molecules. The surface is coated with goat IgG ligand
at a concentration of 4.9 X 1011 1/cm2.
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Flow Detachment Assay work of Cozens-Roberts et al.
(1, 15) and is applied in our modeling work.
Other researchers have also published cell detachment
data consistent with the experimental data of Cozens-Roberts
et al. (1). McClay et al. (16), Bongrand and Golstein (17), and
Hubbard et al. (18) reported that increasing the shear force
applied to a population of cells attached to a substrate with
specific receptor-ligand bonds decreases the fraction of ad-
herent cells. Hubbard et al. (18) published detachment pro-
files of the fraction of adherent cells versus time for a range
of applied fluid shear stress. Even though different time
scales were employed, similar qualitative trends are observed
in the detachment data of Hubbard et al. (18) and Cozens-
Roberts et al. (1).
A close inspection of the experimental system employed
by Cozens-Roberts et al. (1) reveals several possible heter-
ogeneities despite their design efforts. First, the surface con-
centration of ligand coating the glass surface may be non-
uniform. Second, receptor type heterogeneity may be
present. Third, the surface concentration of receptors in the
cell-surface contact area among individual beads may vary.
One source of receptor number variation may be due to dif-
ferences in size among beads. Fourth, the intrinsic forward
and reverse rate constants characterizing receptor-ligand
binding may vary from receptor-ligand interaction to inter-
action. For this system, we assume that ligand number het-
erogeneity can be neglected since the ligand concentration is
in excess of the surface-bound receptor concentration and is
therefore not stoichiometrically limiting in receptor-ligand
reactions. Although the beads were coated with polyclonal
rabbit IgG, variation of receptor type among individual beads
is considered negligible because of the random coating pro-
cedure. Variation in the surface concentration of receptors in
the cell-surface contact area among individual beads does
exist; receptor number heterogeneity is examined explicitly
in this work. Receptors and ligands are covalently bound to
bead and glass surfaces in such a way that a range of con-
formational interactions, and thus intrinsic forward and re-
verse rate constants, is expected. However, these variations
average out in a cell-surface contact area, and no heteroge-
neity among beads is expected.
EXPERIMENTAL MEASUREMENTS
Receptor number heterogeneity was estimated from an experimental dis-
tribution of the number of IgG receptors covalently linked to latex beads.
Polystyrene latex microspheres (C8H8),, with an average diameter of 10 gm
(±1 ,um) (Polysciences, Inc., Warrington, PA) were used as model cells.
Carbodiimide chemistry was used to covalently link polyclonal rabbit IgG
(Zymed Laboratories, San Francisco, CA) via free amine groups to the
carboxylated bead surface. The beads and the coating procedure used to link
receptors to bead surfaces were identical to those used by Cozens-Roberts
et al. (1, 15). The antibody-coated beads were allowed to come to equi-
librium for 30 min with a solution of recombinant protein A conjugated with
fluorescein isothiocyanate (FITC) (Zymed Laboratories, San Francisco,
CA). The population distribution of the number of receptors per bead was
determined by flow cytometry by measuring the amount of fluorescein-
labeled protein A molecules bound to rabbit IgG on the bead surface. Flu-
orescence measurements were made on a EPICS model 752 flow cytometer
(Coulter Electronics, Hialeah, FL) equipped with an Innova 90-5 argon-ion
laser (Coherent, Palo Alto, CA). The voltage was adjusted to keep all sam-
ples on a linear scale. Each trial consisted of 5000 beads.
Flow cytometry results are reported for several coating densities as the
mean number of total receptors per bead, the standard deviation of that
measurement, and the coefficient of variation (CV) (Table 1). The coeffi-
cient of variation is defined as the standard deviation divided by the mean
(19).
Interference reflection microscopy (IRM) images were taken to validate
the geometric estimate of the radius of the cell-surface contact area by
Cozens-Roberts et al. (15). Our apparatus consisted of a Nikon Diaphot
TMD-EF microscope (Nikon, Inc., Garden City, NY) equipped with a 100
X/1.3 N.A. oil-immersion phase neofluor objective and a Nikon Hg 100-W
epifluorescence illuminator (Nikon, Inc., Tokyo, Japan). The filter cube
consisted of a 546-nm excitation filter, a 50/50 beam splitter, and a pair of
polarizers (Omega Optical, Inc., Brattleboro, VT). Images were viewed with
a Newvicon MTI-65 camera (Dage-MTI, Inc., Wabash, MI); images were
recorded and analyzed using Biological Detection System image analysis
software (Biological Detection System, Inc., Pittsburgh, PA).
In brief, interference reflection microscopy is a technique based on con-
structive and destructive optical interference patterns (20). As light is re-
flected off the surface and the bead, waves interfere and create an image
containing fringes. These fringes can then be correlated to separation dis-
tances between the bead and the surface. IRM images were obtained for a
latex bead coated with rabbit IgG (Zymed Laboratories, San Francisco, CA)
attached to a glass coverslip coated with proteinA (Zymed Laboratories, San
Francisco, CA). The dark adhesion spot in the center of an image faded to
background irradiance; a series of dark, concentric rings surrounded this dot.
Measurement of the radius of the darkened spot of 10 different bead images
was 17% (±3%) of the total bead radius. Following the work of Gingell and
coworkers (21-22) for a system with similar refractive indices, the sepa-
ration distance between the bead and the coverslip of this center adhesion
spot is roughly less than 100 nm. Using approximate dimensions of rabbit
IgG and protein A, the contact region is estimated as that permitting ap-
proach of the bead and surface to within approximately 40 nm (15). Thus,
the measurement of the radius of the contact area using IRM is of the same
order of magnitude as the geometric estimate and may overestimate the
radius of the contact area in which actual receptor-ligand interaction occurs.
Thus, the geometric estimate by Cozens-Roberts et al. (15) that the radius
of the contact area (0.5 ,um) is 10% of total bead radius (5 ,um) is valid.
MATHEMATICAL MODELS
Several model frameworks are used to describe and predict transient cell
attachment and detachment kinetics. Cells attach via receptors to ligand-
coated surfaces in a quiescent fluid; cells detach upon the introduction of
fluid shear stress.
Ordinary differential equations describing the deterministic behavior of
receptor-mediated cell attachment and detachment have been described (2,
TABLE 1 Flow cytometry measurements of receptor number
distribution
Mean number of Standard Coefficient
Run receptors per bead* deviation of variation
1 8.1x105 2.7x105 0.33
2 1.1 X 106 2.4 x 105 0.22
3 1.1 X 106 2.8 x 105 0.25
4 2.1 X 106 5.9 x 105 0.28
5 2.3 x 106 6.2 x 105 0.27
6 2.5 x 106 5.5 x 105 0.22
* The mean number of total receptors per bead, the standard deviation of
that measurement, and the coefficient of variation (CV) are listed for six
trials (see Experimental Measurements). The CV characterizing the disper-
sion due to receptor number heterogeneity (CVhet) was calculated as
0.26 ± 0.04.
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6, 8). Previously, this deterministic model was extrapolated and applied to
characterize a population of cells with uniform cell-surface interactions (2).
We return to the initial deterministic framework, neglect the assumption of
uniform cell-surface interactions, and develop an algorithm that explicitly
considers receptor number heterogeneity among beads (see Appendix I).
Complete derivation and description of kinetic population balance equa-
tions characterizing the probabilistic nature of receptor-mediated cell at-
tachment and detachment have been described previously (2). The proba-
bilistic nature of these receptor-ligand interactions is captured in the
corresponding attachment and detachment Fokker-Planck partial differen-
tial equations and associated initial and boundary conditions (see Appendix
H).
The effects of receptor number heterogeneity and probabilistic binding
are joined in a mathematical model (see Appendix Ill).
Solutions to the ordinary differential equations were obtained with a
classic Runge-Kutta algorithm (23-24). Solutions to the parabolic Fokker-
Planck equations were obtained by implementing the subroutine D03PAF
from the NAG FORTRAN Library (Numerical Algorithms Group Ltd.,
Downers Grove, IL). This subroutine applied the method of lines and Gear's
integration method (25). Computations were performed on a CRAY Y-MP
computer.
Parameter values specific for the receptor (rabbit anti-goat IgG)-ligand
(goat IgG) system used in the experimental detachment work of Cozens-
Roberts et al. (1) are listed in Table 2. The average number of receptors per
bead and the average surface ligand concentration were measured directly
by Cozens-Roberts et al. (1). The bead diameter distribution was given by
the manufacturer (Polysciences, Inc.). The radius of the cell-surface contact
area was previously estimated by geometric arguments (15) and is validated
with IRM images. The average number of receptors in the cell-surface con-
tact area was estimated based on the measured number of receptors per bead
and on geometric considerations. The value of the receptor-ligand interac-
tion distance (-y) and ranges for the forward and reverse rate constants
(ko and k) were taken from Bell (6) and Cozens-Roberts et al. (2), re-
spectively. At the present time, no methods exist to measure these parameter
values. We selected four parameter sets for model calculations. Cases A-D
are specified in Table 3.
RESULTS AND DISCUSSION
We first estimate dispersions caused by receptor number het-
erogeneity and by probabilistic binding effects. To provide
an estimate of the probabilistic binding contribution, cor-
rected numerical results to the probabilistic Fokker-Planck
attachment equation are given. The relative importance of
each dispersion is estimated as a coefficient of variation (CV)
which is defined as the standard deviation divided by the
mean (19). The contributions to detachment behavior from
these two effects are compared. Second, we present detach-
TABLE 3 Comparisons of CVh.t and CVprob
CASE* A B C D
K 10 1 0.1 0.01
k!NL 1 X 10-31/S 4 X 10-31/S 5 X 10-31/S 1 X 10-21/Sf
1 X 1021/S 1031/S X 41/s 1 X 1041/S
CVhet CVprOb CVprob CVprob CVprob
0.141 0.0447 0.0141 0.00447
0.22 39% 17% 6.0% 2.0%
0.141 0.0447 0.0141 0.00447
0.26 35% 15% 5.1% 1.7%
0.141 0.0447 0.0141 0.00447
0.30 32% 13% 4.5% 1.5%
* Cases A-D contain parameter values within expected ranges (see Table 2).
The coefficient of variation induced by probabilistic binding effects (CVp,.b)
was calculated for each case by solving the Fokker-Planck attachment equa-
tion which provides the probability distribution used as the initial condition
for the Fokker-Planck detachment equation. The mean and standard devi-
ation of this distribution were used to calculate CVpXb. Additional param-
eters not listed above are as follows: ta = 30 min, RT = 500, and NL = 1011
1/cm2. Flow cytometry studies determined the coefficient of variation in-
duced by receptor number heterogeneity (CVhet) as 0.26 ± 0.04. We cal-
culated the weight percentage of the probabilistic dispersion as 100 CVpbO
(CVprob + CVhet) for each case for each value of CVh,,.
ment profiles based on the incorporation of receptor number
heterogeneity into a simple deterministic model. Third, we
demonstrate that for expected parameter ranges, numerical
results for the probabilistic detachment model inadequately
predict detachment data. Since receptor number heteroge-
neity and probabilistic binding effects are both shown to af-
fect experimental detachment kinetics, we develop a math-
ematical framework that incorporates both components. The
deterministic, probabilistic, and combined models are solved
for established parameter values and are compared with ex-
perimental detachment data (1).
Table 1 presents experimental values obtained by fluo-
rescence flow cytometry of the mean number of total re-
ceptors per bead and the coefficient of variation (CV) of this
measurement. The average number of receptors per bead re-
ported by Cozens-Roberts et al. (1) is of the same order of
magnitude as these flow cytometry results. Since the bead
coating technique used in this work was the same as that used
by those investigators, we assume this dispersion is a valid
TABLE 2 Parameters characterizing the experimental system of Cozens-Roberts et al. (1)
Symbol Value Reference
Measured parameters*
Average receptor number RTC 4.3 x 105 1
Average ligand concentration NL 4.9 x 1011 1/cm2 1
Bead diameter 2r 10 ± I,Jm Text
Estimated parameters
Radius of contact area a 0.5 ,um 15, Text
Average RTc in contact area RT 500 Text
Interaction distance y 0.5 nm 6
Estimated parameter ranges
Ligand concentration NL 1011_1012 1/cm2 2
Forward rate constant ko 10-14_10-12 cm2/s 2
Reverse rate constant ko 104_10-2 1/s 2
* Beads were coated with rabbit anti-goat IgG; the surface was coated with goat IgG. Parameter values not determined in this text have been taken from
sources listed in the References.
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estimate for the receptor number heterogeneity present in
their experimental system. We assume that the uneven dis-
tribution of receptors on each bead surface is insignificant
compared to the variation in receptor number among beads
so that an identical CV characterizes the dispersion over
whole and fractions of bead surfaces. We thus describe the
CV induced by receptor number heterogeneity within the
contact area (CVhet) as 0.26 ± 0.04 and use this dispersion
to directly consider the effect of receptor number heteroge-
neity. As mentioned earlier, receptor number heterogeneity
may be induced by differences in size among beads. Product
specifications of the polystyrene latex microspheres used as
model cells are as follows: average diameter = 10 ,um and
standard deviation = 1 ,um. Assuming constant receptor
number per unit area, the CV characterizing receptor number
heterogeneity based solely on size distribution is 0.20 (26).
Bead size distribution accounts for greater than 75% of the
experimentally measured dispersion. Other factors may also
contribute to the distribution of receptor number within the
contact area. Therefore, the value of CVhet measured with
fluorescence flow cytometry is reasonable.
The dispersion induced by probabilistic binding was es-
timated by solving the Fokker-Planck attachment equation
which provided the probability distribution used as the initial
condition for the Fokker-Planck detachment equation. The
Fokker-Planck attachment equation was solved with appro-
priate initial and boundary conditions and with the receptor-
ligand dimensionless dissociation constant (K), dimension-
less attachment time (Ta), and number of receptors within the
cell-surface contact area (RT) specified (see Appendix II and
Eqs. A5-A8). The probability (P) of being attached with 0
fraction of bound receptors varies as a function of the di-
mensionless dissociation constant (K) (Fig. 2). McQuarrie's
analysis of a similar kinetic system confirms the probability
distributions shown in Fig. 2 (27). McQuarrie's solution is a
normal probability distribution with a mean and variance
written in analytic form. The analogous expressions for the
35-
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FIGURE 2 Results of the Fokker-Planck probabilistic attachment equa-
tion. The probability density function (P) is plotted versus the fraction of
bound receptors (0) for a range of dimensionless dissociation constants (K).
The parameters are as follows: RT = 500, ko = 10 -14 cm2/s, NL = 1011
1/cm2, ko = 10-4, 10-3, 10-2 1/S (K = 0.1, 1, 10), and ta = 30min (Ta =
1.8). The area under each trace is normalized to 1.
mean fraction of bound receptors ((0)) and the variance (o2)
around this mean are as follows:
(1)(0)= 1 (1 - e (1+K)a)(1 + K)
2 1 lF( +KT
=RT(1 )2LK ()
+ -(I + K)T -2(1 )+K J (2)
As predicted, each computationally generated solution is a
normal distribution with a mean and variance that agree with
McQuarrie's analytical solution. We did not transform this
normal distribution into a lognormal distribution as was done
previously by Cozens-Roberts et al. (2). The mean and stand-
ard deviation of this normal distribution were used to cal-
culate the coefficient of variation induced by probabilistic
binding effects (CVprob).
The variance given in Eq. 2 is different from that published
by Cozens-Roberts et al. (2) by the factor, l/RT. The value
of CVprob is inversely proportional to the square root of the
number of receptors within the cell-surface contact area.
Consequently, the larger the value ofRT, the smaller the value
that CVprob is.
Table 3 lists CVhet and CVprob for four parameter selections
(Cases A-D) with RT set as 500. In addition, the weight
percentage of the probabilistic contribution was calculated as
l00CVprob/(CVprob + CVhet) and is included in Table 3. For
reasonable parameter selections, the CVprob ranges from
0.004 to 0.14. From these calculations, we estimate that the
probabilistic binding contribution could range from approx-
imately 1 to 40%. This analysis assumes a uniform distri-
bution of stress on all bonds in the cell-surface contact area.
In contrast, other researchers assume that only perimeter
bonds are stressed (28). In that light, our estimation of the
role of probabilistic binding effects should be treated as a
lower bound.
To understand detachment behavior, we deemed it impor-
tant to solve the deterministic model incorporating receptor
number heterogeneity, the probabilistic model, and the com-
bined model that joins receptor number heterogeneity and
probabilistic binding effects.
The effects of receptor number heterogeneity are consid-
ered in the context of a simple deterministic model (see Ap-
pendix I). Ordinary differential equations were solved and
are presented as the time evolution of the area under the
probability curve (Pb). The detachment profiles of Fig. 3
were generated with parameter values of Case C (K = 0.1).
The mean number of receptors within the cell-surface contact
area was set as 500 with CVhet = 0.22. The area under the
probability curve (Pb) is analogous to the fraction of adherent
beads (C) presented in the experimental detachment data. Nu-
merical solutions to the deterministic model incorporating
receptor number heterogeneity for all cases for all listed
CVhet values of Table 3 are qualitatively identical to Fig. 3.
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FIGURE 3 Results of the deterministic model incorporating receptor
number heterogeneity. The area under the probability curve (Pb) is plotted
versus time (td) for a range of fluid shear forces (B). The mean number of
receptors within the contact area was set at 500; CVhet was chosen as 0.22.
Parameter values listed as Case C are as follows: k' = x 10-'4 cm2/s,
NL = 10"1 I/Cm2,k' = 5 X 10-4 /S(K = 0.1), ta= 30min (T1 = 9),and
td 0-60 min (Td = 0-18).
All model detachment profiles show some immediate de-
tachment and a plateau region as time approaches 60 min.
The general nature of these detachment profiles is compared
with reported RFDA data (see Fig. 1). Numerical solutions
to the deterministic model incorporating receptor number
heterogeneity qualitatively and quantitatively predict experi-
mental detachment profiles.
An additional check is made between model predictions
and experimental data. The plateau values of Pb (Pb(F)) and
of the fraction of adherent beads are analogous. Also anal-
ogous are the ratios of f/Bc (where fc,, is the value of ,B at
which Pb(F) = 0.5) and FT/FTC (where FTC is the value of fluid
shear force (FT) at which half of the beads detach). The graph
of Pb(F) versus ,//fc for the parameters listed as Case C for
CVhet values of 0.22, 0.26, and 0.30 is shown with trans-
formed experimental data (Fig. 4). As the magnitude of
CVhet is decreased, the curve becomes more steep. When
CVhet = 0 and receptor number heterogeneity is effectively
eliminated, this model collapses to the preliminary deter-
ministic model developed by Cozens-Roberts et al. (2), and
a step change (i.e., all-or-none behavior) is predicted.
Pb(F) versus B/3/C curves were generated for Cases A, B,
and D (figures not shown). For a specified CVhet, altering K
and kf°NL does not affect the shape of the curve. The mag-
nitude of CVhet is the primary determinant of the fit of the
experimental data for the deterministic model incorporating
receptor number heterogeneity. Our work indicates that the
curve with CVhet = 0.22 is a good predictor of the experi-
mental data published by Cozens-Roberts et al. (1).
Correct numerical solutions to the Fokker-Planck proba-
bilistic detachment equation are presented as the time evo-
lution of the area under the probability curve (Pb) (see Ap-
pendix II and Eqs. A9-A 12). The detachment profiles of Fig.
5 were generated with parameter values listed as Case C
(K = 0.1) and Case A (K = 10). Again, the area under the
probability curve (Pb) can be directly compared with the
Pb(F)
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FIGURE 4 Comparison of experimental data with the deterministic
model incorporating receptor number heterogeneity. The plateau values of
Pb (Ph(FO) and of the fraction of adherent beads are analogous. Also anal-
ogous are the ratios of ,l/31. (where f3c is the value of ,B at which Pb(F) =
0.5) and FT/FTC (where FTC is the value of fluid shear force at which half
of the beads detach). The traces of Pb(F) versus (3/jc are shown with the
transformed experimental data. Parameter values are listed in Fig. 3. Model
results are taken from Fig. 3 (CVhe, 0.22) and from two figures that are
not shown (CVhet = 0.26 and CVhet 0.30). Experimental points are taken
from Fig. 1 and other previously published results (1).
fraction of adherent beads (4). As the dimensionless applied
shear force (13) increases, the fraction of cells remaining at-
tached to the surface decreases for a given td. The parameter
values for Cases A and C specify (0) for the initial condition
for the Fokker-Planck detachment equation as 0.0909 and
0.9090, respectively. As the mean fraction ofbound receptors
((0)) given as the initial condition increases, the dimension-
less shear force (,3) required to detach the same fraction of
cells increases. In other words, the greater the number of
receptor-ligand bonds, the stronger the applied fluid shear
force must be to detach the same fraction of cells. This trend
also can be viewed from another perspective. The increase
in the value of (0) as an initial condition is correlated with
a decrease in the dimensionless rate constant (K). Therefore,
as the affinity between the receptor and ligand increases (K
decreases), a greater fluid shear force is required to detach
the same fraction of cells. The same observations linking
receptor-ligand affinity, the initial mean fraction of bound
receptors, and the magnitude of fluid shear force can be made
for the deterministic model incorporating receptor number
heterogeneity.
The general nature of these two probabilistic detachment
profiles is compared with reported RFDA data (see Fig. 1).
The profile with K = 0.1 predicts a minimum lag time before
detachment of approximately 8 min (see Fig. 5 A). In ad-
dition, no plateau behavior is observed at 60 min. The RFDA
detachment profiles show a negligible lag time and plateau
behavior as defined earlier. All possible combinations of ex-
pected parameters were checked with respect to these two
features; the profiles shown in Fig. 5 A are the best prediction.
A lag time is still observed, and a plateau region is not
reached. Therefore, the conclusion of Cozens-Roberts et al.
(1) that a purely probabilistic model can make successful
quantitative predictions of detachment behavior is not up-
held.
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FIGURE 5 Results of the Fokker-Planck probabilistic detachment equa-
tion. The area under the probability curve (Pb) is plotted versus time (td) for
a range of dimensionless fluid shear forces (,B). (A) Parameter values listed
as Case C are as follows: RT = 500, k= 5 x 10 -14 cm2/s, NL 101
1/Cm2, ko = 5 X 10-4 1/S (K = 0.1), ta 30 min (T, = 9), and td 0-60
min (Td = 0-18). These parameters specify the mean fraction of bound
receptors ((0)) for the initial condition for the Foklker-Planck detachment
equation as 0.9090. (B) Parameter values listed as Case A are as follows:
RT = 500, kf = 10 14cm2/S,NL = 10' l/cm2, k' = 10-2 l/s (K = 10),
t. = 30 min (Ta = 1.8), and td = 0-60 min (d = 0-3.6). These parameters
specify (0) for the initial condition for the Fokker-Planck detachment equa-
tion as 0.0909.
Finally, numerical solutions to the combined model over-
laying probabilistic binding effects onto the deterministic
model incorporating receptor number heterogeneity were de-
termined (see Appendix III). The time evolution of the area
under the probability curve (Pb) is shown for the parameter
values of Case C (Fig. 6). The mean number of receptors
within the contact area was set as 500 with CVhet = 0.22.
Each detachment profile shows some immediate detachment
and a plateau region as time approaches 60 min. The prob-
abilistic contribution to the deviations from all-or-none be-
havior is predicted to be 6%. We compared Pb(F) versus f3/f3c
plots for the solution of the deterministic model incorporat-
ing receptor number heterogeneity and for the solution of the
combined model; these two curves were the same (figure not
shown).
Both the deterministic model incorporating receptor num-
ber heterogeneity and the combined model were solved for
td (min)
FIGURE 6 Results of the combined model incorporating receptor number
heterogeneity and probabilistic binding effects. The area under the proba-
bility curve (Pb) is plotted versus time (td) for a range of fluid shear forces
(,B). The mean number of receptors within the contact area was set at 500;
CVhe, was chosen as 0.22. Parameter values listed as Case C are as follows:
k' 5 x 10 4cm2/s, NL = 10' 1/cm2, ko = 5 X 10-4 I/s (K = 0.1),
t, = 30 min (Ta = 9), and td = 0-60 min (Td = 0-18). The weight percentage
of the probabilistic contribution is estimated as 6%.
Case A with CVhet - 0.28 (Fig. 7, A and B). The detachment
profiles of the deterministic model predict plateau solutions
as time approaches 60 min. Including probabilistic effects
prevents plateau behavior (see Fig. 7 B). Here, the proba-
bilistic binding contribution to the deviations from all-or-
none behavior is predicted to be 33%. A plot of Pb(F) versus
I/P, for the deterministic and combined model solutions in-
dicates that incorporating probabilistic binding effects re-
laxes the steepness of the curve (Fig. 7 C). This plot serves
as an important test of the assumption that the calculation of
the weight percentage of the probabilistic contribution is a
valid tool in assessing the role of probabilistic binding
effects.
Values of K from Cases A-D span three orders of mag-
nitude. Although each of these cases contains parameters
within reasonable ranges, we sought to narrow this spread.
One approach is to compare published affinity values to our
model values. Based on modeling and experimental work,
Cozens-Roberts et al. (15) calculated the affinity constant of
formation between the receptor (rabbit anti-goat IgG) and the
ligand (goat IgG) as 1.4 X 10-10 cm2. This affinity constant
corresponds toK= 0.07 for NL = 1 X 1011 1/cm2. Based on
theoretical calculations, Perelson et al. (29) estimated the
affinity constant of a similar system as 2.9 X 10-1' cm2. This
affinity constant corresponds to K = 0.03 for NL = 1 X 101
1/cm2. To date, no researcher has directly measured K for
surface-immobilized receptor-ligand pairs. Even flow cy-
tometry measurements of ko and ko are not applicable since
these measurements determine fluid phase rate constants
rather than surface-bound rate constants. Thus, we suggest
0.01 < K < 0.1 as a likely constraint.
A second approach is to compare the experimental force
exerted on a bead with the force predicted by our model. The
total force (FT) exerted by the passing fluid on an adherent
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bead is given with the following equation:
1 IOSr3
FT =
a
where S is the fluid shear stress; r is the radius of the bead;
and a is the radius of the contact area (15). These calcula-
tions were done for mean r and a values and for "critical"
values (labeled with subscript "c"). In conjunction with
their detachment profiles, Cozens-Roberts et al. (1) reported
Sc, the fluid shear stress at which half of the beads detach,
as 11 dyne/cm2. Therefore, FTC is estimated as 3.0 X 10-3
dyne. Our model includes the total force exerted on the
receptor-ligand bonds by the fluid with the following
equation:
13kbT
FT =
'V
dults
Ddel
el
1.2 1.4 1.6
FIGURE 7 Results for the deterministic and combined models that dem-
onstrate that probabilistic binding effects can contribute to detachment be-
havior. The weight percentage of the probabilistic binding contribution is
estimated as 33%. Parameter values listed as Case A are as follows: RT =
500, ko = 10-14 cm2/s, NL = 1011 1/Cm2, kr = 10-2 1/S (K = 10), ta =
30 min (Ta = 1.8), and td = 0-60 min (Td = 0-3.6). The mean number of
receptors within the contact area was set at 500; CVhbet was chosen as 0.28.
(A) Results of the deterministic model incorporating receptor number het-
erogeneity. The area under the probability curve (Pb) is plotted versus time
(td) for a range of fluid shear forces ((3). (B) Results of the combined model.
The area under the probability curve (Pb) is plotted versus time (td) for a
range of fluid shear forces (,B). (C) Comparison of experimental data with
the deterministic model and with the combined model. The plateau values
of Pb (PWF)) and of the fraction of adherent beads are analogous. Also
analogous are the ratios of A3/P,, (where A,3 is the value of (3 at which
Pb(;) = 0.5) and FT/FTC (where FTC is the value of fluid shear force at which
half of the beads detach). The traces of Pb(F) versus 3/13, are shown with
the transformed experimental data from Fig. 1 and other previously pub-
lished results (1). Model results are taken from Fig. 7, A and B.
where 3 is the dimensionless applied shear force; kb is the
Boltzman constant; T is the temperature; and y is the
receptor-ligand interaction distance. Our model does not ac-
count for nonspecific binding between a receptor-coated
bead and a surface because, for the experimental system at
hand, it was shown to be negligible (15). In general, this
contribution to the force should be considered. ,c, the value
of ,B at which Pb(F) = 0.5, was determined for the detachment
model incorporating receptor number heterogeneity for the
four cases. Theoretical FTC values for 0.01 < K < 0.1 are
within an order of magnitude of the experimental force es-
timate. Theoretical FTC values for higher K values underpre-
dict the experimental force. Again, this points to the likeli-
hood that K falls at the lower end of the expected parameter
range.
In summary, both receptor number heterogeneity and
probabilistic binding affect cell detachment behavior. A re-
alistic, dynamic model must incorporate both. A simple de-
terministic model incorporating receptor number heteroge-
neity satisfactorily accounts for most of the experimental
data on detachment kinetics. We believe that model solutions
with parameter sets for which 0.01 < K < 0.1 are most rea-
sonable based on physical and kinetic considerations. In this
parameter range, we estimate that probabilistic binding ef-
fects contribute less than 10% to the character of the de-
tachment profiles. Therefore, we conclude that receptor num-
ber heterogeneity is the primary cause of deviations from
ideal, all-or-none behavior reported in the experimental sys-
tem of Cozens-Roberts et al. (1). In general, the relative con-
tributions of population heterogeneities and probabilistic
binding effects may vary for different systems.
More complicated models may be useful for deeper anal-
ysis of detachment experiments. A promising example is
work by Hammer and Apte (30). However, a healthy tension
always exists between rigor and simplicity, which can only
be settled by utility to the problem at hand. We believe that
our application of the simplest model that includes both het-
erogeneity and probabilistic binding considerations, and re-
quires a limited set of unknown parameters, has provided
(3)
(4)
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novel and helpful insight concerning the relative contribution
of these effects in a relatively well-characterized experimen-
tal system.
APPENDICES
Appendix 1: Deterministic model
A cell coated with one class of receptors interacts with surface-bound ligands
to form receptor-ligand complexes. RT receptors are available within the
cell-surface contact area. The surface concentration of ligand (NL) is in
excess of the surface concentration of receptors. Therefore, NL is not de-
pleted as C receptor-ligand bonds are established. Receptor-ligand binding
is characterized by intrinsic forward and reverse rate constants (ko and
ko). The model allows a cell to attach in quiescent fluid; however, cell
detachment is accomplished by the introduction of fluid shear stress. At-
tachment time is given as ta; detachment time is given as td.
Cozens-Roberts et al. (2) applied deterministic conservation equations to
predict transient cell attachment and detachment kinetics. The following
equations were developed to describe the interaction of one cell with a
ligand-coated surface. The dimensionless differential equation for cell at-
tachment relates the fraction of bound receptors (0) to the attachment time
(Ta) and receptor-ligand dissociation constant (K) with the following equa-
tion:
8, the probability of being attached was 0. Therefore, the 0 versus Td plot
was converted into a graph relating the probability of remaining attached
(Pb) to Td. The detachment equation was solved repeatedly for all values of
RT that contribute to the probability distribution of Fig. Al. Each Pb versus
Td graph was weighted in accordance with the established distribution to
generate one constant 3 detachment curve. Finally, the plot of Pb versus Td
was converted to a plot of Pb versus td. Pb is analogous to the fraction of
adherent beads (D) presented in an experimental RFDA profile.
Appendix II: Probabilistic model
Cozens-Roberts et al. (2) developed kinetic population balance equations
and their corresponding Fokker-Planck equations to characterize the prob-
abilistic nature of receptor-mediated cell attachment and detachment. Fol-
lowing the parameter definitions in Appendix I, the dimensionless Fokker-
Planck equation for cell attachment relates the probability density function
(P) to the fraction ofbound receptors (0), attachment time (Ta), and receptor-
ligand dissociation constant (K) with the following equation:
aP(0,T'r) a 1 a2
= [A(O)P(0,Ta)] + 2 [B(0)P(0,Ta)] (A5)
where
A(0) = I - 0 - KO B(0) = [1 - 0 + KO]8 (A6)
dO(Ta) 1- 0(Ta) - KO(Ta)dTa (Al) Ta kfNLta k NL
C I
0-= =8 .
RT RT
where
Ta = kfNLta K = ,r
The initial condition is as follows:
C
0=-
RT
O(0) = 0.
Boundary and initial conditions that accurately reflect the physics of the
system are given below:
I a
A(O)P(0,Ta) -2 [B(0)P(0,Ta)] = 0 0= 0, 0 = 1 (A7)2 a0
(A2)
In order to incorporate the effect of fluid shear force on detachment
dynamics, we implemented the expression developed by Bell (6) for the
reverse rate constant:
P(0,O) = 1. (A8)
We incorporated the expression developed by Bell (6) for the reverse rate
constant (Eq. A3) into the dimensionless Fokker-Planck equation for cell
detachment which relates the probability density (P) to the fraction of bound
receptors (0), detachment time (Td), dissociation constant (K), and fluid shear
force (,B) with the following equation:
kr koex[ kb
r [rkbTCJ (A3)
where y is the receptor-ligand interaction distance, FT is the total force
exerted on bonds by the fluid, kb is the Boltzman constant; and T is the
temperature. The dimensionless differential equation for cell detachment
relates the fraction of bound receptors (0) to the detachment time (Td), dis-
sociation constant (K), and fluid shear force (,(3) with the following equation:
dO(Td)
-I1 O(Td) K0(Td)expP[ (A4)
where
Td kf?NLtd yFT 8 = 1f
~~kT RT
The initial condition for the deterministic detachment equation is the nu-
merical result of the appropriate deterministic attachment equation (Eq. A 1).
We developed an algorithm which incorporates the effect of receptor
number heterogeneity into these basic attachment and detachment equa-
tions. A probability distribution of the number of receptors within the cell-
surface contact area was established based on flow cytometry experiments
(Fig. Al). Several steps were needed to generate a model prediction that can
be readily compared with an experimental RFDA. First, the attachment
equation was solved for a specified K and Ta to generate an initial condition
that completely specifies the detachment problem statement. Note that the
solution to the attachment equation is not dependent on the value of RT.
Second, the detachment equation was solved for the fraction of bound re-
ceptors (0) as a function of Td for specified values of RT, K, and (3. If 0 was
greater than 8, the probability of being attached was 1. If 0 was less than
aP(O,Td) a I a 2
aTd ao 2 B()& OT) (A9)
where
A() = 1 - 0 - Koexp[ ]1
B(O=[=I -0 +KOexp0 18
Td = kfNLtd 3 = YFT
Appropriate boundary conditions are given below:
82 aP(O,Td) _ 8[p - 3]P(O,Td) = 0ao
A(O)P(0,Td) - - [B(O)P(0,Td)] = 02 0
(AIO)
0=8
0 = 1.
(All)
(A12)
The initial condition for the Fokker-Planck detachment equation is the nu-
merical result of the appropriate attachment equation (Eq. A5) with selected
parameter values.
Several steps were needed to generate a model prediction that can be
readily compared with an experimental RFDA. First, K, Ta, RT, Td, and (3
were set. Second, an attachment run generated an initial condition to com-
pletely specify the detachment problem statement. This normal distribution
was not transformed into a lognormal distribution as was done previously
251Saterbak et al.
252 Biophysical Journal Volume 65 July 1993
4.0 10-3 -
3.5 10-3 CVhet =0.22
3.01 -3-~ ~ --CVhet=O026
2.5 10-3-ht=03
2.0 10-3-
1.5 10o3-
1.0 io-3_
5.0 10-4_~
100 200 300 400 500 600 700 800 900
Number of Receptors
FIGURE Al Scaled flow cytometry measurements. The normal prob-
ability distribution of the number of receptors was scaled so that the mean
number of receptors in the cell-surface contact area was 500. The coefficient
of variation induced by receptor number heterogeneity (CVhet) was calcu-
lated as 0.26 ± 0.04.
by Cozens-Roberts et al. (2). Third, the Fokker-Planck detachment equation
was solved for the probability density (P) as a function of the fraction of
bound receptors (0) for a range of specified Td values. Fourth, for each Td.
the area under the probability curve (Pb) was computed and plotted as a
function of Td. Finally, the plot of Pb versus Td was converted to a plot of
Pb versus td. Pb is analogous to the fraction of adherent beads (D) presented
in an experimental RFDA profile.
Appendix III: Combined model
The following algorithm was used to generate detachment profiles that in-
clude both receptor number heterogeneity and probabilistic binding effects.
First, a probability distribution of the number of receptors within the cell-
surface contact area was established based on flow cytometry experiments
(Fig. A l). A Fokker-Planck attachment trial was run for a specified RT value.
Then, the Fokker-Planck equation for detachment was solved for the time
evolution of the area under the probability curve (Pb) for that RT value for
several specified (3 values (see Appendix I). These two computational steps
were repeated for all RT values that contribute to the receptor number dis-
tribution. Finally, for each (3 value, the contribution from each unique RT
detachment curve was weighted in accordance with the established distri-
bution of Fig. Al to generate one constant 3 detachment curve. Each the-
oretical detachment curve is analogous to an experimental RFDA profile.
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